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Abstract 

Exact solutions to the Einstein field equations may be generated from 
already existing ones (seed solutions), that admit at least one Killing vec¬ 
tor. In this framework, a space of potentials is introduced. By the use 
of symmetries in this space, the set of potentials associated to a known 
solution are transformed into a new set, either by continuous transforma¬ 
tions or by discrete transformations. In view of this method, and upon 
consideration of continuous transformations, we arrive at some exact, sta¬ 
tionary axisymmetric solutions to the Einstein field equations in vacuum, 
that may be of geometrical or/and physical interest. 


1 Introduction 

Originating from an exact solution to the equations of General Relativity (GR) 
in vacuum, that admits a congruence of Killing vectors, one may generate other 
solutions [T] . The Killing vectors of the original solution are assumed to have a 
non-zero norm and a twist potential, both of which are accordingly transformed 
to construct the Killing vectors of the resulting (new) solution. 

In the present article, we give several examples on how to use symmetries 
in the (so called) potential space, to generate stationary axisymmetric solutions 
to the Einstein field equations (see, e.g., 0 )- To do so, we follow the method 
developed by Ehlers and others from the early 60s till the late 70s (see, e.g., 
Chapter 34.1 - 34.3 of m)- In view of this method, any spacetime metric can 
be expressed in two equivalent ways; either in the form of the line element 

ds^ = a (^dt + Aidx'^Y + hijdx^dx^ , (1) 
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(in the system of units where both Newton’s constant and the velocity of light 
equal to unity) or as the symmetric tensor 

~ “b k^ki/ . (2) 

tj 

In Eqs. (1) and (2), Greek indices refer to the four-dimensional spacetime, Latin 
indices refer to the three-dimensional slice that is perpendicular to a particular 
Killing vector, and hij is the three-metric of such a slice. Moreover, in Eq. 
( 1 ), the three-vector is defined by 

= aAi , (3) 

where a is the negative norm of the Killing vector i.e., 

kf^k>^ = -a . (4) 

There is also a twist potential, w, associated with defined by 

w , ^ = rjf.^pak^dPk'^ . (5) 

In Eq. (5), the comma denotes partial derivative, = ^/l 5 | Sp^p^r, where 

g is the determinant of the metric tensor ( 2 ) and is the completely anti¬ 

symmetric symbol of four indices, with £0123 = 1. 

Upon consideration of a and w, a complex potential, the well-known Ernst 
potential, e, and a conformal change of the three-metric are defined, as follows 


e = a + iui, (6) 

hij = ahij . (7) 


Using both of these quantities, the new solution is accordingly generated by 

, e 


and 


K, = 


1 -I- iae 

hii 


( 8 ) 

(9) 


(see, e.g., Eq. 34.11 of [I]). In view of Eq. (8), the new Ernst potential is 
obtained by means of a Kinnersley IV transformation [3], that introduces the 
parameter a, which throughout our analysis is considered to be real. This 
transformation has (accordingly) been generalized to include an infinite num¬ 
ber of new parameters, (n = 1,2,3,...), in the context of the Hoenselaers- 
Kinnersley-Xanthopoulos transformation [2]. 

In Eqs. (8) and (9), the original (seed) metric is denoted without a prime, 
while the generated (new) metric is indicated with a prime. Assuming that 
the twist potential of the original solution is zero, the norm of the new Killing 
vector, a', the new twist potential, w', and the new three-metric, hb, are given 

by 


a 


/ 


/ 

OJ 

and h'ij 


fj 


1 -I- 
1 -I- 



( 10 ) 

( 11 ) 

( 12 ) 
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respectively. Now, the components of the Killing vector, corresponding to 
the generated metric, can be obtained by solving the definition equation of the 
new twist potential, ui' (cf. Eq. 5). 

In what follows, we shall use the aforementioned technique, to generate twist¬ 
ing, stationary axisymmetric solutions of GR, that originate from any static ax- 
isymmetric solution given in Weyl (cylindrical) coordinates. As we shall demon¬ 
strate, either the spacelike, or the timelike, Killing vector can be used, 
to generate the new twist potential. More specifically: 

In Sect. 2, we give the particulars in detail, using the spacelike Killing vector. 
We then demonstrate the method, by applying it to the Schwarzschild solution, 
thus resulting in a new solution to the Einstein field equations. In Sect. 3, 
the method is applied to any static axisymmetric solution using the timelike 
Killing vector. Accordingly, another exact solution is generated, originating, 
once again, from the Schwarzschild one. This solution turns out to be the 
Taub-NUT metric [1], [5]. Einally, in Sect. 4, we apply the method of generating 
solutions (upon the action of the timelike Killing vector) to the 7 -metric [5], [7] 
(also called the Zipoy-Voorhees solution). 


2 Solutions generated from static axisymmetric 
ones, using the spacelike Killing vector 

In Weyl coordinates, static axisymmetric solutions of GR are described by [ 8 ] 
ds^ = {dp^ + dz^) + p^dcf^]^ , (13) 

where 


= > ( 14 ) 

d , z = ‘^P ^ , p ^ , z ■ 


The metric given by Eq. (13) admits two Killing vectors, one spacelike, didcj), 
and one timelike, d/dt. Hence, originating from (13), we expect that we can 
generate new solutions to the Einstein field equations in vacuum, using either 
of these two Killing vectors. 

In the axisymmetric solution given by Eq. (13), the norm of the spacelike 
Killing vector, = 9^, is cr = / 9 ^exp(—2A), so that = —a < 0 (as it 

should), and the twist potential vanishes (w = 0); hence, in this case, the Ernst 
potential of the seed solution (cf. Eq. 6 ) reads 

e = a = p^e~‘^^ . (15) 


In order to generate a solution that originates from (13), we first use Eq. (12), 
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to determine the new three-metric, , as 



0 0 
0 0 
0 0 _e2/^-2^ 


(16) 


with determinant h' = det Wh'^^W = where, in view of Eq. (10), 

^ = l + a2^2^ 

a' 

On the other hand, the new twist potential is defined by 

(18) 

where k'^ is the new Killing vector and 

w' ’ ^ = ^ = (0, , p, ,, , 0) . (19) 

Now, all we have to do, is to determine the components of the vector At {i = 
t, p, z), and, through those, the exact form of fc' = a'Ai, as well. Since we are 
interested in axisymmetric solutions of GR, in what follows, we assume that all 
functions depend solely on p and z. In this context, it can be shown that the 
components Ap = constant = Az and may be chosen to vanish. Accordingly, 

k'p = {a'At,0,0,a') . (20) 

k'i 


Upon consideration of Eq. (20), Eq. (18) is written in the form 

a;' ’ ^ [k'^dzK - k'd^k'^] , (21) 

where 

- , pP^^* = p*P^'f> and p*P^'>’ptpz 4 , = -1 • (22) 

Accordingly, we multiply both sides of Eq. (21) by ptpz<p- The left hand side 
yields 

r]tpz,j>h"’'’uj ', p = (|cr'/i'|)^^^ h'^^uj ', p , (23) 

while the right hand side results in 

ritpz 4 ,rf[k'^dzk't - k'td^k'^] = - {a'f d^At , (24) 

where ptpz 4 > = \/|(T'h'| Stpzp and Stpzp = 1- Consequently, upon consideration 
of Eqs. (23) and (24), Eq. (21) leads to 

{\a'h'\f'^h'^^u\p = -{a'fdzAt (25) 

and 

{\a'h'\f^h'^^u',z = {<j'fdpAt. (26) 
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Further manipulation of Eq. (25) yields 




_^g 2 A- 2 ^ 




= -PUJ . p 

and, similarly, from Eq. (26) we obtain 




_^g2A-2^ 


a 

= —pOj' ^ ; 




However, in view of Eq. (11), we have 

doj' duj' da 4 acr^ /I 

dp da dp (l + aV 2 )^VP 
duj' duj' da Aaa"^ 

dz da dz (i + Q,2cr2)2 


(27) 


(28) 


(29) 

(30) 


Inserting Eqs. (29) and (30) into Eqs. (27) and (28), respectively, and taking 
into account (also) Eq. (15), we obtain 


da 



4ap— 

dz 


dAt 
dz ’ 
dAt 
dp • 


(31) 

(32) 


We observe that, as far as the system of Eqs. (31) and (32) is concerned, the 
integrability condition is satisfied, simply by reference to the definition equation 
of A (the first one of Eqs. 14). 

Summarizing, the solution generated from the seed metric (13) by the action 
of the 0-Killing vector, is given by 


ds^ 


(l -I- c?p'^e 


1 -I- a^p‘^e~'^^ 


) [e^^dt^ - e 
{d(j) + Atdt)^ 


2p.-2\ 


[dp^ + dz^)] 


together with the system of Eqs. (14), as well as Eqs. (31) and (32). 


(33) 


2.1 New solutions generated from Schwarzschild 


We shall apply the aforementioned technique of generating solutions, using as 
seed metric the Schwarzschild solution. In cylindrical coordinates, the Schwarzschild 
solution admits the form (13) with 


e 


2A 


and 


L — m 
L + m ^ 
[L -\- m)'^ 
1+ l- 


(34) 
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In Eqs. (34), m is the mass of the central object that is responsible for the 
spherically symmetric gravitational field and 

L=l(4+L), (35) 

where 

l'^ = + {z± m)^ . (36) 

Upon consideration of Eqs. (34) - (36), we can now integrate Eqs. (31) and 
(32), to obtain 

At = 2a [{1+-1-)-2z] . (37) 

Hence, in view of Eqs. (33) and (37), the new metric generated from Schwarzschild 
reads 

[<" - ^ " “A 

- (L - ip 

Furthermore, performing the coordinate transformation (t, p, z, (j)) (t, r, 9, </>), 

where 

p = \/— 2mr sin 9 , z=(r — m)cos9, L = r — m, l+ — l- = 2mcos9, (39) 

we find that, the metric given by Eqs. (13) and (34) - (36) reduces to the 
Schwarzschild solution in spherical (t, r, 9, </>) coordinates, 

ds"^ = ^1 — ^ [99“^ + sin^ 9d(j)^) , (40) 

as it should; while, the metric given by Eq. (38) results in 

“ (^ 1 ^ 4 n\ \d4> - 4a(r - 2m) cos 9dtf . (41) 

(l + a^msm 9) 

The Riemann-square invariant of the new solution (41), is given by 


ds^ = (l + sin^ 0) ^1 — 


= -- ^\-12a^r^^sm'^^9\l2rrsSin'^9 

r® [l + sin^ d] 

— 16r^ — 21r^ sin^ 9 + 24rrs sin^ d] (42) 

+ 48a®r^^ sin® 9 [—TOr^ sin^ 9 — 60r^ + 27rrs sin"* 9 + 102rrs sin^ 9'\ 

+ 120a^r® sin"' 9 [21rg sin'^ 9 — 52rrs sin^ 9 + 24r^ + brr^ sin^ 0] 

— 96a^r® [—18rs sin^ 9 + 15rs sin^ 0 + 4r] + 12r^} , 
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where = 2m. In the limit of vanishing m, the invariant given by Eq. (42) 
does not vanish, and, therefore, we have generated a new solution from vacuum. 
On the other hand, for m ^ 0 and a = 0, we obtain 

12r^ 

I = = ^ = ischn ,, (43) 

i.e., we recover the Riemann-square invariant associated to Schwarzschild solu¬ 
tion; a not unexpected result, since, every difference in the metric given by Eq. 
(41), as compared to the Schwarzschild one (Eq. 40), is due to the terms involv¬ 
ing a. For a ^ 0, these changes result in a dramatic variance on the z{= r sin0) 
dependence. Furthermore, there is an additional rotation experienced by the 
coordinate system, which changes its direction at r = 2m, as well as at 6* = 7r/2. 

3 Solutions generated from static axisymmetric 
ones, using the timelike Killing vector 

As far as the metric (13) is concerned, the timelike Killing vector associated 
with it, kt = dt, has the norm cr = — exp(2A), so that fctfc* = —cr > 0, as it 
should. In this case, since (once again) w = 0, the seed potential is given by 

e = cr = — exp(2A) . (44) 

Now, according to Eq. (12), the new three-metric tensor is written in the form 

/ 0 0 \ 
hb = (1 -b 0 -e 2 M- 2 A q ^ ( 45 ) 

y 0 0 — J 

with determinant h' = det ||hy | = — (l -|- Next, we have to 

determine the components of the new Killing vector, 

= i = p,z,(j), (46) 

i.e., we need to determine Ai. To do so, we note that, the twist potential 
corresponding to the new solution, oj', as given by Eq. (18), yields 

Vpz^tuj' = k'^ {d^k't - dtk'^) + k'^ {dtk'^ - d^k[) + k[ {d^k'^ - d^k'^) . (47) 

Once again, axial symmetry implies that all functions depend solely on p and z 
and, therefore, Ap = 0 = A^. Accordingly, by virtue Eq. (46), Eq. (47) results 


in 

{\a'h'\f^ h'"Vp = (a')"9.A^, 

(48) 

and 


(Icr'h'l)^^^ , z = - (a'f dpAtf, . 

(49) 
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In this case, in view of Eq. (11), and taking into account Eq. (44), we have 

du)' duj' da Aaa"^ 

dp da dp 

dw' duj' da 

dz 


(1 + Qf^cr^) 
4Q;cr^ 


2 . P ’ 


da dz (1 + Q; 2 ^ 2 y 


:A. 


(50) 

(51) 


Now, inserting Eqs. (50) and (51) into Eqs. (48) and (49), respectively, we 
obtain 


4ap— 

dz 


dA^ 

dz ' 

dA, 


dp 


(52) 

(53) 


where, once again, integrability of Eqs. (52) and (53) is guaranteed by the 
definition equation of A (the first one of Eqs. 14). 

Summarizing, the solution generated from the seed metric (13) by the action 
of the t-Killing vector, is written in the form 


p2A 1 _|_ ^2„4A 

“ i-+ A^dcj))^ -2a-> (54) 

1 I ^ ^ 


together with the system of Eqs. (14), as well as Eqs. (52) and (53). Gautreau 
and Hoffman [9] have also shown how to generate new twisting solutions from a 
seed metric in Weyl coordinates, using another method, one that was pioneered 
by Papapetrou m- It is worth noting that, although originating from the same 
seed metrics, their method generates other solutions than those we find in the 
present article. 


3.1 New solutions generated from Schwarzschild 

Once again, we shall apply the method presented in Sect. 3, using as seed metric 
the Schwarzschild solution in cylindrical coordinates. By virtue of Eqs. (34) - 
(36), the system of Eqs. (52) and (53) is directly integrated, yielding 

= ±2a(4 - Z-) . (55) 

Accordingly, in view of Eqs. (54) and (55), an exact solution that is generated 
from the seed metric (13) by the action of the t-Killing vector arises, namely, 

g 2 A 

= T—^-4A 2a(4 - 

1 + 

- ^ + dz'^) + p'^dcj)^] . (56) 

To further scrutinize this result, we first perform the transformation given 
by Eq. (39), in order to obtain the solution (56) in spherical coordinates. Ac¬ 
cordingly, Eq. (55) yields 


Aa = —dam cos 0 


(57) 










and the metric (56) is written in the form 


ds^ = 


— 2mr 


(r — 2 to)^ 

{r — 2mY 
— 2mr 


{dt — Aam cos ddfj)) ^ 


dr^ - 


{r — 2m)" 


dn^ 


(58) 


where dit^ = {dO'^ + sin^ Odcp^). 

A question arises now, on whether we can recover Eq. (58), using as seed 
metric the Schwarzschild solution in spherical coordinates (40), which admits 
the timelike Killing vector = dt with norm ct = — (l — ^)- In this case. 


/ 2m\ , , 

uj = 0=^e = (T = — - j (59) 

/ YzW 0 0 \ 

and hij = - i 0 0 • (60) 

Vo 0 r2sin2 6» / 


Now, the combination of Eqs. (12), (17) and (60) yields the three-metric of the 
new solution, as 


2 2m\^ 


0 


1 + a ( 1 - — j 


j,2 

0 

V ^ / 

V 0 

0 

sin^ 6 / 


(61) 


Furthermore, upon consideration of Eq. (46), Eq. (18) results in the following 
system of equations 


litreuj' , r = Kdek'^ = (^O deA^ , 
rjtre^h'^^uj' , 0 = k'^dk't - Kdrk'^ = - {a'f drA^ 
where, by virtue of Eq. (59), from Eq. (11) we obtain 

duj' duj' da Aama 

dr da dr ^2 ^ 2 ^ 2)2 

, duj' duj' da 

In view of Eqs. (64) and (65), Eqs. (62) and (63) yield 


- \/M sindw 1 - 


2m Aama 

v 2 „ 2 'i 


^ (1 -I- a^cr^) (1 -I- a^CT^) 


rdeA^ 


0 = drA. 




(62) 

(63) 


(64) 

(65) 


( 66 ) 


so that, eventually. 


dgA^ 

drA(^ 


4ma sin 0 



0 . 


(67) 
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Upon consideration of Eq. (59), Eqs. (67) result in 


Arj, = —4am cos 9 


(68) 


and, therefore, the metric generated from Schwarzschild, by the action of the 
t-Killing vector, is written in the form 

ds^ = - ^^ {dt — Aam cos 6 

+ a^ (r — 2m) 

(r — 2m)^ , 

— --- —dr 

— 2mr 


+ a^ (r — 2m)‘ 


dn^ 


(69) 


which, indeed, coincides with Eq. (58). Hence, as far as the Schwarzschild so¬ 
lution is concerned, and upon the action of the t—Killing vector, these two op¬ 
erations (coordinate transformations and the solutions generating mechanism) 
commute with each other. 

The metric given by Eq. (69) admits four Killing vectors, namely, 


^0 = [ 1 , 0 , 0 , 0 ] , 


a = 
6 = 


2ars sin 
sin 0 
2 ars cos 
sind 


, 0, cos((), — sin(()C0t d , 
■, 0, — sin^, — cos ^ cot 9 


6 = [-2ar„ 0,0,1] , 


for which, the following commutation relations hold 


(70) 


[?i , Ct] — £ijk^k , 

, Co] = 0 , (71) 


where etjk is the completely antisymmetric symbol of three indices, with £123 = 

1 — ^r0(f)- 

At this point, we should stress that, the metric given by Eq. (69) allows for 
the same symmetries as the Taub-NUT metric a, 0 , 


- 2^JLR - f 




ds^ = —— ^ - [dT — 21 cos9d(f>)‘^ ——— 7 —::— —dR? 


+ /2 


- 2 /ii? - P 


In particular. 


(i?2 -b l^) dVt^ . 

(72) 


• both of them have no curvature singularities; 

• provided that the values 0 = 0 and 0 = tt represent lines on the manifold, 
the time coordinate in both metrics is cyclic; 

• both metrics admit three Killing vectors, in addition to d/dt^ and all of 
them obey the commutation relations given by Eqs. (71). 
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In fact, the metrics given by Eqs. (69) and (72) represent the same line 
element, as it can be seen by performing in Eq. (72) the following transformation 
on the radial coordinate, 


R = + 


2ma^ 

(1 + 02 ) 1 / 2 ’ 


(73) 


together with a rescaling of the time coordinate in both Eqs. (69) and (72), 


T = 21t , t = Aamr , 


(74) 


where 


I = 


2ma 

(1 + o 2 ) 1/2 ’ 


n = 


m {oi^ — l) 
( 1 + 02 ) 1/2 ■ 


(75) 


Notice that, in this case, there is an additional relation between the various 
parameters involved, namely. 


/r 0^ — 1 
I 2 o 


(76) 


i.e., a non-zero o controls the ratio ^./l. Clearly, for o = ±1, /r = 0. 


4 Using the 7 -metric as seed solution 


The 7 -metric [7] generalizes the Schwarzschild solution and it can be used also as 
a seed metric to generate new solutions. In spherical coordinates, the 7 -metric 
is given by 


ds2 





— 2mr 

— 2mr + m? sin^ 9 



dr^ 


2 

— 2mr^ 

2mr + m? sin 2 6^ 


jde^ + (r^ 


2 mr) sin 2 Odcj)^ 


(77) 


(see, e.g., [5], [U). The curved spacetime represented by the line element (77) 
possesses some very interesting features (see, e.g., [H]). In particular. 


• if 7 7 ^ 0 and m = 0, it corresponds to Minkowski spacetime; 

• for 7 = 1 and m 7 ^ 0, it represents the Schwarzschild spacetime; 

• for 7 —>■ 00 and m —>■ 0, but mj —>■ constant, it represents a Curzon 
spacetime; 

• the 7 -solution is the static limit of the Tomimatsu-Sato (TS) family of 
solutions (see, e.g., m)- In this case, if the rotation parameter, q, van¬ 
ishes, the TS solution becomes identical to the 7 -solution, with the TS 
deformation parameter, S, being equal to the value of 7 . 
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The metric given by Eq. (77), is often referred to as the Voorhees metric 
or Zipoy-Voorhees (ZV) metric [7]. Upon consideration of the quaternionic 
version of the Ernst formalism, Hallilsoy |13] found a generalized version of the 
ZV metric. On the other hand, by treating the 7 -solution as a seed (vacuum) 
metric, Richterek et al. HU, [H] obtained two new classes of solutions to the 
Einstein - Maxwell equations with interesting properties. 

Here, on the basis of the technique of generating solutions presented in Sect. 
3 (i.e., upon the action of a timelike Killing vector), we also come up with a new 
solution to the Einstein field equations in vacuum, which is written in the form 


ds^ 


(r^ — 2mr)^ 
r^'i' + a^{r — 2m)^''' 

+ a'^{r — 2m)^'’' 
(r^ — 2m)^^ 

(r^ — 2mr)'^ 
(r'^ — 2mr + w? sin 


[dt — Aa'ym cos 9d(j)\'‘ 
— 2mr 


7-1 


dr^ 


Hy 


— 2mr + m? sin^ 
jdO'^ + {y — 2mr) sin^ Odcf? 


(78) 


A null tetrad (see, e.g., [TB]) and the Newmann-Penrose invariants (see, e.g., [H]) 
of this new solution are given in the Appendix A. Accordingly, in view of Eqs. 
(A7) - (A 12 ), we hnd that: 

In the case where a = 0, 


• for every 7 0, 1, the Newmann-Penrose invariants {i = 0, 1,...,4) 

coincide with those of the original 7 -solution (as they should); 

• for 7 = 1 , only 4^2 is non zero, representing the corresponding quantity of 
the Schwarzschild solution. 


In the case where a 0, we have —'I'o = 'I '4 7 ^ 0, 'I'l = 0 = d >3 and 'I '2 ^ 0. 
Consequently, 

• for 7 7 ^ 0, 1 and 0 7 ^ 0, tt, the metric (78) is type I in Petrov’s classifica¬ 
tion [TH], [H], exhibiting singularities at r = 0 and r = 2m. Singularities 
exist also at r± = m (1 ± cos0), if 7 S (1, \/3); 

• for 7 = 1 and 0 G ( 0 , 7 r), the metric is type D in Petrov’s classification. 


5 Summary - Conclusions 

In this article, we have used a well-established method of generating station¬ 
ary axisymmetric solutions to the Einstein field equations in vacuum (see, e.g., 
Chapter 34 of mi originating from already existing ones (seed solutions) that 
admit at least one Killing vector (either d/dip or d/dt). 
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Applying this method to the Schwarzschild solution, upon the action of the 
spacelike Killing vector, we have found a new family of vacuum solutions 

to the Einstein field equations, given by Eq. (38) (or Eq. 41). In the same 
reasoning, but this time upon the action of the timelike Killing vector, the 
Schwarzschild solution generates the family of solutions given by Eq. (58) (or 
Eq. 69), which, upon the transformation given by Eqs. (73) - (75), coincides 
to the Taub-NUT metric, given by Eq. (72). Einally, using as seed solution 
the 7 -metric (77), and upon the action of the timelike Killing vector, we have 
arrived at a new family of solutions to the Einstein field equations, given by 
Eq. (78), which, for 7 = 1 and 9 G ( 0 , 7 r), represents an asymptotically flat 
spacetime. 

Notice that, upon consideration of this particular method of generating so¬ 
lutions to the Einstein field equations in vacuum, a free parameter, a, is in¬ 
troduced, which, throughout our analysis, was taken to be real. As recognized 
by Harrison |20] . in the case where this parameter is complex it mixes gravity 
with electromagnetism, since the quantity H = ^aa* represents the strength 
of a uniform magnetic field. On the other hand, if a is purely imaginary, it 
represents the potential of the electromagnetic field and there is no twist. 

Acknowledgments: This work has been supported by the General Secre¬ 
tariat for Research & Technology of Greece and by the European Social Eund, 
within the framework of the action ’’EXCELLENCE”. 


Appendix A 


In this Appendix, we present the Newmann-Penrose scalars m of the metric 
given by Eq. (78), which is generated from the 7 -metric (77). In the metric 
given by Eq. (78), we set 


/ 


e 

1 -I- 


(r^ — 2mr)'^ 

+ a^(r — 2m)27 


(AI) 


Accordingly, we consider the following set of orthonormal vectors (see, e.g., [16) 1 




\/ 7 , 0 , 0 ,-Aam cos0^/f 


B,= 






— 2mr 


0,0 


\/y — 2mr + m? sin^ 9 

1 (r^ — 2 mr) 


, 0,0 


\/~f 

V J ^^2 _ 2mr -\- m? sin^ 0) 


— ^0 


Qu = 


0 , 0 , 0 , \/— 2mr 

y f 


(A2) 
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from which, a null tetrad for the metric (78) can be determined, as follows 


, _ + _ B^- 

W/, - -- 1 ft/; - 


P/i + "iQfi 

nif, = --^=-, TO^ = 


V 2 

Pfi fi 

V 2 


(AS) 


resulting in 


i„ = d= -rs — i 


— 2mr 


y/J \ — 2mr + m? sin^ 9 


,0, —4am cos9y/J 


1 1 f — 2mr + rri^ sin^ 0'\ ^ ^ 

”77 V r2 - 2mr j 


0,0 




-v7,- 


7 


— 2mr 


y/f \ — 2mr + m^ sin^ 0 


,0,4am cos6y/f 


(714) 


= 

1 

"71 

77 


72 


77 

0 , 0 ,^ 

77 


/ 7 ’ 


— 2mr + m^ sin^ 0 
— 2mr 

(r^ — 2mr) ^ j sin 0 


(r^ — 2mr + m^ si7 0) 


77 


, 0,0 


y/ r'^ — 2mr 


yf2y/ — 2mr 


Aiam cos 9 f — 2mr + sin^ 9\ ^ 
0 ^ 


sin0 


— 2mr 


sin0 


The tetrad given by Eqs. (A4) satisfies the orthonormality conditions 


= 0 

l^rUfj, = k^mp, = 0 

l^kp = 1, m^fhp = 1. (A5) 

Furthermore, in view of Eqs. (A4), we verify that the components of the metric 
tensor given by Eq. (78) may obtained from the relation |16| 

gpu = lpk„ + Ijjkp + mpfh„ + m^fhp . (A6) 

Now, following m, the Newmann-Penrose invariants corresponding to the 
solution (78), that is generated from the y-metric by the action of the t-Killing 
vector, are given by 

'^Q = 2CpuK\Pl''rn'^m^ ^ 
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7(7^ — l)m^(r — m) (r^ — 2 mr + sin^ 0 ) 
^'o =- — - - -- — X ^ ' 


7-2 


2 + a'^{r — 2my'^Y 


(r 2 - 2mr)'f^-'i+^ 


I r^'*' — a^{r — 2mr)^'*'] + 2i (r^ — 2mr)"'^| , 


(A7) 


where C^i/„a is the Weyl tensor. Regarding the rest of the Newmann-Penrose 
invariants, we have 


«'i = = 0 


(A8) 


^'2 = 2 

77^-3 

=-9-E^ I-4771^(72 - l)ZY‘^X‘^sin^ecos2e 

8 sin 2 6 »y 5 x 7 =- 7+2 t w j 

-4(72 - Sin^ e 

+87(27 - sin^ e + cos^ ex^'^Y) 

+4^2y2^j(7 _ J^2y2 gjj^2 ^ 16^2777273 COs 3 OX^^] 

+8(7^ — l)777^y‘*X sin^ 9 cos^ 9 

-4(72 - I) 7772 zy 2 xsin 2 6 »cos 2 9[XY‘^ + 16(72^272x23'] 

-872z2x2[y2 ^2X + X- 3 "+ 3 +i^ sin 2 9 + Z2oYrrY-i^ coYY 6lX23][r23-i + oY(j - 2777)23-i]2 
-47(r - 777)Z2y3Xsin2 6I[(72 - 3 )X + (72 - 47 + l)X-3'+7+l][j.27-l + q, 2 (j. _ 2to)^3'-1] 
+47(72 - l)(r - m)ZYX‘^[Y‘^[X + X-^'+^+i] sin 2 9 
+ 16a^rrYj^ cos^ 0 X 23 ] [r 23 “i _|_ q,2('^ _ 2777)23“!] 

— 47(7 — l)(r — 777)2zy2x[y2]^ _|_ X “3 + 3 + 1 ] gij]^2 q _|_ 16q, 2^2^2 pQg2 5/^27j 
+47(7 - l)2(r - 777)2^2+2 [y2j^ ^.^2 q ^ C0S2 0 X 23 ] 

+ 8(72 - l)(r - mfY ^ X ^ sin2 0 + 32(^2777272 z2y2x-3"+37+i 31^2 ^ 

(^9) 

where we have set 


X=r^ — 2mr, Y = r‘^^+a^{r—2m)'^'^, and Z = —2mr+rrY siiY 9. (^10) 
Finally, 

^3 = -C^,,;,fc''m"(fc"?^ + 777"7n^) =0 (All) 

and 

^^4 = 2Cfj,„K\n^n''m'^m^ =-'^o . (^ 12 ) 
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